Abstract. Let G be a finite group and let f : X → Y be a degree 1, G-framed map such that X and Y are simply connected, closed, oriented, smooth manifolds of dimension n = 2k 6 and such that the dimension of the singular set of the G-space X is at most k. In the previous article, assuming f is kconnected, we defined the G-equivariant surgery obstruction σ(f ) in a certain abelian group. There it was shown that if σ(f ) = 0 then f is G-framed cobordant to a homotopy equivalence f : X → Y . In the present article, we prove that the obstruction σ(f ) is a G-framed cobordism invariant. Consequently, the G-surgery obstruction σ(f ) is uniquely associated to f : X → Y above even if it is not k-connected.
Introduction
This article is a continuation of [3] . Let G be a finite group and X a smooth G-manifold. The term G-equivariant surgery or simply G-surgery will refer to Gsurgery on the free part of the G-space X, namely where every nontrivial element of G acts without fixed points. Thus our G-surgery does not change the G-singular set
where X g = {x ∈ X | gx = x}. Throughout the paper, R denote the ring of integers Z, its localization Z (p) at a prime p, or the ring of rational numbers Q. Associated to a degree 1, k-connected G-framed map f : X n → Y n with n = 2k such that the dimension of the Gsingular set of X is at most k, we [3] defined an element σ(f ) in an abelian group W (G, Y ; R) such that if σ(f ) = 0 then f can be converted to a k-connected, Rhomology equivalence f : X → Y by G-surgery on the free part of X. The group W (G, Y ; R) is a generalization of Wall's group L h n (R[G]), and ingredients for the generalization are quadratic and symmetric form parameters and positioning maps. Here R [G] is the group ring of G with coefficients in R. The purpose of this paper is to prove that the obstruction σ(f ) is a G-framed cobordism invariant, namely Theorem 3.2. Moreover, the theorem enables us to define a unique element σ(f ) in W (G, Y ; R) for a degree 1, G-framed map f even if f is not k-connected.
A word about motivation and applications of this study is in order. So as to construct interesting smooth G-actions on manifolds, especially disks and spheres, we are first required to construct G-normal maps. As in the ordinary surgery theory, we can construct G-normal maps using the G-transverse regularity argument in [9] . A G-normal map f : X → Y determines a stepwise surgery obstruction σ(res
) for a prime p, a p-subgroup P G and K = N G (P ). Here if P = {1} then we regard Z (p) as Z. So, second, we are required to modify or originally construct G-normal maps f : X → Y so that all surgery obstructions σ(res G K f P ) are trivial. A G-framed cobordism invariance theorem of surgery obstructions is useful to obtain the triviality of surgery obstructions as follows. For simplicity, we assume that all surgery obstructions σ(res G K f P ) are trivial if P = {1}. Then our eyes are focused on the surgery obstruction σ(f ) in W (G, Y ; Z). In various cases, one can show that the canonical homomorphism
where H runs over an appropriate set of subgroups -such as a set containing all hyperelementary subgroups and all dihedral subgroups -of G, is injective (cf. [2] and [7] ). Using the construction of [9] ( 
Theorem 1.1 will be deduced from a slight generalization Theorem 3.3 of it. The reader can refer to [8] for the G-framed cobordism invariance of G-surgery obstructions under the hypothesis that dim Sing(G, X) k − 1. In the case where G = Z 2 , the cyclic group of order 2, Dovermann [5] and Dovermann-Schultz [6] described Z 2 -surgery obstructions in different ways and proved the equivariant normal cobordism invariance of the obstructions. Since K 0 (Z[Z 2 ]) = 0, Theorem 3.3 gives results corresponding to [6, Theorems A 0 and B]. It is remarkable that Dovermann-Schultz [6] allowed the case where the Z 2 -fixed point set of the middle dimension is not orientable. Readers would wonder if the results in the present paper could be generalized to those allowing nonorientable middle dimensional fixed point sets, and moreover allowing nonconnected middle dimensional fixed point sets. We ( [1] ) know that such generalization is possible, but it needs a lot of formalities to describe. It would also be interesting to formalize G-surgery theory for simple G-homotopy equivalences on compact G-manifolds with middle dimensional fixed point sets. Readers familiar with the ordinary surgery theory [10] could develop such G-surgery theory without difficulty using the arguments in [3] and this paper, although they have to modify the G-surgery obstruction groups. Since we have written the present paper for specific applications, we postpone describing them until future papers.
The remainder of the paper is organized as follows. Section 2 is devoted to preparation for Sections 3 and 4. The G-framed cobordism invariance of the Gsurgery obstruction is presented as Theorem 3.2. The main body of its proof is stated as Lemma 3.1. The generalization, Theorem 3.3, mentioned above is obtained as a corollary to Theorem 3.2. Section 3 consists of these three results. We prove Lemma 3.1 in Section 4, and a key method of the proof is equivariant handle subtraction.
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Preliminary
In the current article, n = 2k is an even integer 6, and a manifold (resp. an action on a manifold) means a smooth manifold (resp. a smooth action) unless otherwise specified. Let ((proj)) (resp. ((s-free)), ((free))) denote the category of all finitely generated projective (resp. stably free, free) R[G]-modules. Let C denote one of these three categories.
Let X be a G-CW complex (e.g. G-manifold, G-simplicial complex). For a point x ∈ X and a subgroup H of G, let H x denote the isotropy subgroup at x in the H-space res
denote the set of all connected components γ of X H . The underlying space of γ is denoted by X γ . If we need to emphasize the group H then we use X
Let G(2) denote the set of all elements of order 2 in G. (The identity element does not belong to G (2) .) In the case n = 2k, let Mnf n cp,sg (G) (resp. Mnf n cl,sg (G) ) denote the family of all X ∈ Mnf n cp (G) (resp. Mnf n cl (G) ) satisfying the following properties:
If n is an even integer 6, say n = 2k, and X belongs to Mnf
The set S is identified with Θ(G, X, k) via the map
Depending on X and the choice of R = Z, Z (p) (p a prime) or Q, let A denote the tuple
The group ring R[G] is equipped with the anti-involution
− such that g∈G c g g = g∈G w X (g)c g g −1 (c g ∈ R). If a ∈ G then let ε a denote the map R[G] → R or R/2R[G] → R/2R defined by ε a   g∈G c g g   = c a (c g ∈ R or R/2R).
The choice of R or R/2R will be clear from the context. For a subset T of G, R[T ] denotes the R-submodule of R[G]
which is generated by all elements in T . Let Λ = Λ(G, X; R) denote the quadratic form parameter defined by For a G-map f : X → Y , we set
It is quite important to see whether the R[G]-module K (X; R)
is stably free or projective. To this end, let us define the following conditions on a 
) be a G-framed cobordism between f and f . In particular, W is an oriented cobordism between X and X , i.e. ∂W = (−X) X . 
We use W γ for W j # γ (resp. also for W j # γ ) if = k − 1 or k and γ ∈ Π(G, X, ) (resp. Π (G, X , ) ). Moreover we usually identify Θ(G, X , ) with Θ(G, X, ) via the induced maps when = k − 1 or k.
Let Cob(G; f , f ) denote the family of all admissible, G-framed cobordisms between f and f .
Lemma 2.5. Let f , f and F ∈ Cob(G; f , f ) be as above. Then F is G-framed cobordant rel. ∂W ∪Sing(G, W ) (by G-surgery of dimension
Suppose that f , f and F are k-connected. Then the next sequence for the coefficient ring Z is exact:
By the universal coefficient theorem, the sequence for the coefficient ring R is also exact. Furthermore suppose K k (W, ∂W ; R) = 0 = K k+1 (W ; R) and regard K k+1 (W, ∂W ; R) as a submodule of K k (∂W ; R) via the connecting homomorphism ∂. The restriction ∂F of F to the boundary determines a special quadratic (A, Θ(G, X, k))-module
as follows. The map
is the equivariant intersection form and the map
is the equivariant selfintersection form. Let
denote the ordinary intersection form. Then, by definition
We see immediately that
is the orientation class, j ∂Wγ is the inclusion map ∂W γ → ∂W , and π ∂F : H k (∂W ; R) → K k (∂W ; R) is the canonical projection.
Thus we obtain the commutative diagram: 
Then the following hold.
(2.7.1) 
3): Now we prove the last conclusion. Here the coefficient ring of homology groups is R. It is well known that the ordinary intersection form satisfies
Let us decompose G to a disjoint union
such that G( 3) h is a subset of G consisting of elements of order 3, and
Then we can regard the map q ∂F :
(cf. [3, p.274] ). In the case where g ∈ G( 3) h , we have ε g (q ∂W (x)) = 0 for any 
. Consequently we get q ∂F (x) = 0 for all x ∈ K k+1 (W, ∂W ).
Main results
Throughout this section let C denote the category ((proj)), ((s-free)) or ((free)). We begin the section with a lemma which is a key to Theorems 3.2 and 3.3. 
the following hold:
, for some nonnegative integer and 
Proof. By Lemma 3.1, there exist a degree 1, G-framed map f and a cobordism F ∈ Cob(G; f , f ) satisfying the conditions (3.
3), the universal coefficient theorem and the Poincaré-Lefschetz duality theorem guarantee that K k+1 (W , ∂W ; R) is also stably free over R [G] . In addition, it follows that 
is stably free over R [G] . By [3, Lemma 7 .1], we obtain the element 
Proof. The 'if' part of the claim is obvious from the definition of σ(f ). We have to prove the 'only if' part, namely σ(f ) = 0 =⇒ f ∼ f rel. Sing(G, X) as in the claim. Since dim Sing(G, X) k, there exists a k-connected, degree 1, G-framed
Sing(G, X) by G-surgery of dimension k − 1. Apply Theorem 7.3 of [3] to f and obtain a desired f .
Proof of Lemma 3.1
In this section we prove Lemma 3.1 using equivariant handle subtraction. First, using Lemma 2.5, we adjust F so that F :
, where γ and γ range over Θ(G, X, k) and g and g range over G. Here GD γ becomes a G-equivariant tubular neighborhood of Gx γ . Take connecting tubes T γ from ∂D 0 to ∂D γ in general position of 
Then,
is surjective, we can take finitely many embeddings
Without loss of generality, we can assume that gh i and g h j are disjoint unless i = j. For each i, take a path
gives an embedding Thickening h i , we obtain embeddings
Now we may suppose that gH i and g H j are disjoint unless g = g and i = j. Further we may suppose that F (Im(H i )) is a point in {1} × Y . Set
By [3, Proposition 10 .1], we may assume that B has on X the form
It remains to check that the above F = (F , B ) and f = (f , b ) are G-framed maps as desired in Lemma 3.1. By excision,
There is an exact sequence:
Since the first arrow is surjective, K k (W, ∂W ∪ V ; Z) = 0. Thus we get 
